expression for a SU(2) non-Abelian field strength. The new tetrads introduced in previous works are going to play a fundamental role in the algorithm presented in this manuscript. Three new local gauge invariant objects are going to guide us through the process of making a field strength block diagonal. The process is also covariant. Any non-trivial isospace field strength projection will become block diagonal through this algorithm. Along with the local gauge invariant method already developed in order to diagonalize the stress-energy tensor, we have with this new local gauge invariant method to maximally simplify the field strength, a new gauge invariant method to classify Yang-Mills field theories.
I. INTRODUCTION

In manuscript
1 a covariant method for the local diagonalization of the U(1) electromagnetic stress-energy tensor was presented. At every point in a curved four dimensional
Lorentzian spacetime a new tetrad was introduced for non-null electromagnetic fields such that this tetrad locally and covariantly diagonalizes the stress-energy tensor. At every point the timelike and one spacelike vectors generate a plane that we called blade one 1, 2 . The other two spacelike vectors generate a plane that we called blade two. These vectors are constructed with the local extremal field 3 , its dual, the very metric tensor and a pair of vector fields that represent a generic choice as long as the tetrad vectors do not become trivial. Let us display for the Abelian case the explicit expression for these vectors,
We start by stating that at every point in spacetime there is a duality rotation by an angle −α that transforms a non-null electromagnetic field into an extremal field, ξ µν = e − * α f µν = cos(α) f µν − sin(α) * f µν .
where * f µν = 1 2 ǫ µνστ f στ is the dual tensor of f µν . The local scalar α is known as the complexion of the electromagnetic field. It is a local gauge invariant quantity. Extremal fields are essentially electric fields and they satisfy,
Equation (6) is a condition imposed on (5) and then the explicit expression for the complexion emerges tan(2α) = −f µν * f µν /f λρ f λρ . As antisymmetric fields in a four dimensional Lorentzian spacetime, the extremal fields also verify the identity,
where Q = ξ µν ξ µν = − T µν T µν according to equations (39) in 3 . Q is assumed not to be zero, because we are dealing with non-null electromagnetic fields. It can be proved that condition (6) and through the use of the general identity,
which is valid for every pair of antisymmetric tensors in a four-dimensional Lorentzian spacetime 3 , when applied to the case A µα = ξ µα and B να = * ξ να yields the equivalent condition,
which is equation (64) in 3 . The duality rotation given by equation (59) in 3 ,
allows us to express the stress-energy tensor in terms of the extremal field,
With all these elements it becomes trivial to prove that the tetrad 4,5 (1-4) is orthonormal and diagonalizes the stress-energy tensor (11) . We notice then that we still have to define the vectors X µ and Y µ . Let us introduce some names. The tetrad vectors have two essential components. For instance in vector U α there are two main structures. First, the skeleton, in this case ξ αλ ξ ρλ , and second, the gauge vector X ρ . These do not include the normalization factor 1/ ( −Q/2 X µ ξ µσ ξ νσ X ν ). The gauge vectors it was proved in manuscript 1 could be anything that does not make the tetrad vectors trivial. That is, the tetrad (1-4) diagonalizes the stress-energy tensor for any non-trivial gauge vectors X µ and Y µ . It was therefore proved that we can make different choices for X µ and Y µ . In geometrodynamics, the Maxwell equations,
are telling us that two potential vector fields A ν and * A ν exist,
The symbol "; ′′ stands for covariant derivative with respect to the metric tensor g µν . We
can define then, a tetrad,
The four vectors (14-17) have the following algebraic properties,
Using the equations (7) (8) (9) it is simple to prove that (14-17) are orthogonal. When we make the transformation,
f µν remains invariant, and the transformation, 
The transformation of the two tetrad vectors (Z α , W α ) on blade two, given in (16-17),
by the "angle" ϕ, can be expressed as,
It is a simple exercise in algebra to see that the equalities 
Equation (25) (14) (15) (16) (17) . This is not the case for the non-Abelian SU(2) field strength. We do not have an automatic block diagonalization. We have to develop a new algorithm. This is the goal of this note. In section II we are going to introduce appropriate tetrads for the SU(2) non-Abelian Yang-Mills case. In section III we are going to introduce three new gauge invariant objects for the non-Abelian local SU (2) case. In section IV we are going to introduce the new algorithm for local block diagonalization of the non-Abelian field strength. Throughout the paper we use the conventions of manuscript 3 .
In particular we use a metric with sign conventions -+++. The only difference in notation with 3 will be that we will call our geometrized electromagnetic potential A α , where
II. TETRADS FOR NON-ABELIAN THEORIES
Let us define then, an extremal field for non-Abelian theories as,
In order to define the complexion β, we are going to impose the SU(2) invariant condition,
where the summation convention was applied on the internal index k. The complexion condition (27) is not an additional condition for the field strength. We are just using a generalized duality transformation, and defining through it this new local scalar complexion β. After the fields are available from the equations, not before. We simply generalized the definition for the Abelian complexion, found through a duality transformation as well.
Then, the local SU(2) invariant complexion β turns out to be,
where again the summation convention was applied on both k and p.
Now we would like to consider gauge covariant derivatives. For instance, the gauge covariant derivatives of the three extremal field internal components,
where ǫ klp is the completely skew-symmetric tensor in three dimensions with ǫ 123 = 1, and g is the coupling constant. The symbol ";" stands for the usual covariant derivative associated with the metric tensor g µν . If we consider for instance the Einstein-MaxwellYang-Mills vacuum field equations,
The field equations (31-32) provide a hint about the existence of two electromagnetic field potentials, as said in the first paper "Tetrads in geometrodynamics", not independent from each other, but due to the symmetry of the equations, available for our construction.
A µ and * A µ are the two electromagnetic potentials. * A µ is therefore a name, we are not using the Hodge map at all in this case. These two potentials are not independent from each other, nonetheless they exist and are available for our construction. Similar for the two Non-Abelian equations (33-34). The Non-Abelian potential A kµ is available for our construction as well 6, 7, 8 . With all these elements, we can proceed as an example, to define the antisymmetric field,
This particular intermediate field in our construction could also be chosen to be, 
As always we choose this complexion ϑ to be defined by the condition,
which implies that,
This new kind of local SU(2) gauge invariant extremal tensor ǫ µν , allows in turn for the construction of the new tetrad,
where Q ym = ǫ µν ǫ µν . With the help of identity (8), when applied to the case A µα = ǫ µα and B να = * ǫ να yields the equivalent condition,
It is straightforward using (8) 
The nature of the object Σ αβ is explained in section VI. E ρ α are tetrad vectors that transform from a locally inertial coordinate system, into a general curvilinear coordinate system. From now on, Greek indices α, β, δ, ǫ, γ, and κ, will be reserved for locally inertial coordinate systems. There is a particular explicit choice that we can make for these tetrads E ρ α . We can choose the tetrad vectors we already know from 1 , for electromagnetic fields in curved space-times. Following the same notation in 1 , we call
The electromagnetic extremal tensor ξ ρσ , and its dual * ξ ρσ are also already known from 1 . That is, we are making use of the already defined tetrads built for space-times where electromagnetic fields are present, in order to allow for the use of the object Σ αβ which is key in our construction. The key lies in the translating quality of this object between SU(2) local gauge transformations and local Lorentz transformations.
We would like to consider one more property of these chosen vector fields X ρ and Y ρ . The
β * ξ ρσ * ξ λτ is invariant under U(1) local gauge transformations. Essentially, because of the electromagnetic extremal field property 1,3 , ξ µσ * ξ µτ = 0.
III. GAUGE INVARIANTS
First of all we would like to introduce new gauge invariant objects built out of the tetrad components of the field strength tensor. Given the tetrad W
, (no confusion should arise with vector E ρ 3 = W ρ which is just one vector in the electromagnetic tetrad) which we consider to be the normalized version of S
, we perform the gauge transformations on blades one and two,
That equations (45-46) are the result of a local SU(2) gauge transformation on blade one at every point was proven in reference 9 . Similar for equations (47-48) on blade two. It was also proven there that the local group of SU(2) gauge transformations is isomorphic to the triple tensor product ( LB1) 3 and independently also to ( LB2) 3 see manuscript 9 .
Then, it is a matter of algebra to prove that the following objects are invariant under the set of transformations (45-48),
where f µν = f a µν σ a , and n = n a σ a are vectors in isospace. The · means product in isospace. 
where all the three isoangles are local scalars that satisfy,
In isospace n = n a σ a transforms under a local SU(2) gauge transformation S, as S −1 n S, see chapter III in 10 and also reference 11 . The tensor f µν = f a µν σ a is going to transform as 
IV. BLOCK DIAGONALIZATION OF THE FIELD STRENGTH TENSOR
We proceed now to extend to the non-Abelian case the algorithm for the local block diagonalization of the field strength tensor. The Abelian case was studied thoroughly in manuscript 1 . In the previous section III we found that we can build with the field strength tensor and the new tetrads, three objects that are locally gauge invariant. This is a mathematical truth that can be easily checked. Then, we might ask about the usefulness of the existence of these three new local gauge invariant objects, and our answer is the following.
These three new local gauge invariant objects allow us to connect gauge invariance with three different blocks in the field strength tensor, one block off-diagonal and two diagonal blocks, separately. By field strength tensor we mean as in the previous section III the object
µν that we expressed compactly as f µν . It must be clear from the outset that the object that we are going to block diagonalize locally is f µν = T r[ n · f µν ] = n a f a µν such that the local isovector n will remain unchanged during the process. It is given at the outset of the algorithm. We are block diagonalizing isospace projections of the field strength.
Therefore these three new gauge invariant objects are going to guide us in establishing a local gauge invariant process of block diagonalization of the field strength tensor. Their existence means that we can block diagonalize the field strength tensor in a gauge invariant way, locally. We start to develop this new technique by putting forward a generalized duality transformation for non-Abelian fields. For instance we might choose,
where f µν = f a µν σ a , m = m a σ a and l = l a σ a are vectors in isospace. The · means again product in isospace. Once more we stress that σ a are the Pauli matrices (see section VI) and the summation convention is applied on the internal index a. The vector components are defined as,
where all the six isoangles are local scalars that satisfy,
In isospace m = m a σ a transforms under a local SU(2) gauge transformation S, as S −1 mS, see chapter III in 10 and also reference 11 , and similar for l = l a σ a . The tensor f µν = f a µν σ a transforms as f µν → S −1 f µν S. Therefore ε µν is manifestly gauge invariant. We can see from (55-56) and (57-58) that only four of the six angles in isospace are independent. Next we perform one more duality transformation,
such that the complexion α d is defined by the usual local condition Ω µν * Ω µν = 0, see section I and reference 1 ,
All the conclusions derived in 1 are valid in this context and therefore exactly as in Having four independent and undefined angles, we are going to use this freedom to choose them when fixing the four block diagonalization conditions for the field strength tensor. It must be highlighted and stressed that since the local antisymmetric tensor Ω µν is SU(2) gauge invariant, then the tetrad vectors skeletons are SU(2) gauge invariant. This was a fundamental condition that we made in previous sections in order to ensure the metric invariance when performing LB1 and LB2 transformations. Then, we proceed to impose the block diagonalization conditions,
These are finally the four equations that locally define the four angles α 1 , α 2 , β 1 , β 2 , for instance. The other two α 3 , β 3 are determined by equations (57-58) once the other four have already been determined through equations (61-64). Once the field strength tensor has been block diagonalized, always assuming that the local diagonalization process is possible, we can study the gauge invariants (49-51). We imposed the off-diagonal tetrad components of the field strength tensor (61-64) to be zero. These four equations are manifestly and locally SU (2) 
If in one local gauge, equations (61-64) are satisfied, then, in any new local gauge they also will be. Therefore, the new off-diagonal gauge invariant object (50), built with the field strength tensor off-diagonal tetrad components, is also zero locally. It is consistent because this object is precisely invariant under SU(2) local gauge transformations (except for a global negative sign in one particular discrete case, which makes no difference if the object is zero).
Then, we conclude, if its components are all null, zero in one gauge, they all will be null in any other gauge. The two remaining blocks associated to the two remaining locally gauge invariant objects in the diagonal of the strength field tensor, cannot be diagonalized by any tetrad rotations in the planes one and two through the use of the gauge vectors X 
V. CONCLUSIONS
We have been able to develop a new local gauge invariant method under the group SU (2) for the block diagonalization of a SU(2) field strength tensor. Projected in any possible direction in the local isospace. It is evident that any problem involving the field strength tensor will be maximally simplified. It is also evident that we can extend this method to the local SU(3) case. In this latter case SU(2) would just be a local subgroup. In the process we found three new local gauge invariant objects built with the field strength and our new tetrads. These new local gauge invariant tetrad objects helped us understand why we can block diagonalize in a local gauge invariant way. These new tetrads reveal the link between local gauge symmetries and gravitational symmetries of Yang-Mills theories in fourdimensional Lorentzian spacetimes and help find the true geometrical degrees of freedom.
Simplification through the use of symmetries, that these new tetrads help understand with clarity. It is also clear that along with the local gauge invariant method developed in manuscript 9 in order to diagonalize the stress-energy tensor, we have with this new local gauge invariant method to maximally simplify the field strength, a new gauge invariant method to classify Yang-Mills field theories. We quote from 14 "The relationship between theoretical physics and geometry is in many ways very different today than it was just ten or fifteen years ago. It used to be than when one thought of geometry in physics, one thought chiefly of classical physics-and in particular of general relativity-rather than quantum physics. Geometrical ideas seemed (except perhaps to some visionaries) to be far removed from quantum physics-that is, from the bulk of contemporary physics. Of course, quantum physics had from the beginning a marked influence in many areas of mathematicsfunctional analysis and representation theory, just to mention two. But it would probably be fair to say that twenty years ago the day to day preoccupations of most practicing theoretical elementary particle physicists were far removed from considerations of geometry".
VI. APPENDIX I
This appendix is introducing the object Σ αβ . This object according to the matrix definitions introduced in the references is Hermitic. The use of this object in the construction of our tetrads allows for the local SU ( , 0) and (0, 
Equation (66) 
